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We prove that the Pad& approximants to a certain class of quasianalytic 
functions converge beyond a natural boundary of the function. 
1. INTRODUCTION 
Functions of the form 
f(4 = : Ml - %J> (1) 
71=1 
appear in many researches on the theory of functions [l]. If the CX% lie densely 
on the unit circle, f(z) has the unit circle as a natural boundary. In this case 
the power series deduced from Eq. (1) cannot be analytically continued (in 
the sense of Weierstrass) beyond the natural boundary. Carleman [l] has 
shown that such functions are quasianalytic provided that 
1 A, 1 < Ced+‘, E > 0. (2) 
Even when the unit circle is a natural boundary, we expect that the power 
series deduced from Eq. (1) d e fi nes a unique function in the entire z-plane. 
These considerations have led us to prove the following. 
THEOREM. Let f(z) be a function of the form (1) with A, satisfying the 
condition (2) and 1 LY, / = 1. Then the sequence of [(N + J)/N] Pad& approxi- 
mants to f  (z) (using the Frobenius [2] dej%ition) converges in measure to f  as 
N---f CO in any closed, bounded region of the complex plane. 
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In particular, this means that the Pad& approximants to a quasianalytic 
function of the type mentioned above converge in measure to the function 
even outside the unit circle, a natural boundary. 
This theorem is not as definitive a result as might be desired because, 
although Denjoy [3] has shown by example that such functions are not quasi- 
analytic for 
j A, j < Ce&-‘, (3) 
Gammel [4] has given a numerical example of a function for which 
1 A, 1 w Ce&“, 
such that the PadC approximants appear to converge outside the unit circle, 
although for 
/ A, / N Ce-‘@, 
he finds that the PadC approximants appear to diverge. 
2. PROOF 
Define RN by 
and 
02 
rj = C A,ct,j, 
n=N 
so that inside / z 1 = 1 we have 
RN = C T*z~. 
j=O 
From (2) we deduce that 
j rj / < f 1 A, I < C f e+‘+‘, 
?l=N 7%=-N 
be., 
I lj ( < C -$J- e-N’+‘. 
Now let 
2N+J 
g = C YjZj* 
j=O 
(4) 
(5) 
(6) 
(7) 
(8) 
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Then, if S, = F - RN , the [(N + J)/N] PadC approximant to F is the same 
as that to S, + g, and the result of Ref. [5] gives 
and D is the denominator of the Pade approximant, a polynomial of degree 
no greater than N. (We are using the Frobenius definition of the PadC: 
approximant, which was implicitly assumed in Ref. [5].) 
An argument similar to that used in Ref. [S] shows that for all 1 a / < p 
except a set of Lebesgue measure < rx2 we have, for large N, 
1 d j < 39-N 26Np3N(p/x)2N, (10) 
where r is the maximum value of ri , j = O,..., 2N + /. Thus for these 
values of a, 
,  d ,  < 3eCNe-N’-‘25Np3N(p/X)2N 
\ e-l 
which approaches zero as N -+ w for any fixed x, however small. 
Since in any closed region of 1 z 1 < p not containing the unit circle it may 
be proved that both RN and g approach zero as N -+ w, the theorem follows. 
The theorem can be extended in a number of ways. We could remove 
the restriction [ a, [ = 1 provided that we retain 1 01, 1 < a, where a is some 
fixed positive number. Convergence in measure could be improved to 
convergence in capacity as used by Pommerenke [6]. [We note that our 
result is not contained in Pomrnerenke’s because the set of ol;’ which we 
consider need not have capacity zero.] We could consider other sequences of 
Padt approximants not too far from diagonal. 
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